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Abstract. Empirical scoring is the most common ranking method in automated
reasoning systems competitions, whereby a tournament-like procedure is used to
assign bonuses and penalties to each system according to various performance in-
dicators. Statistical testing is another possible approach, whereby the null hypoth-
esis of equal performances is tested against the alternative hypothesis of signif-
icant difference in performances using a precise mathematical formulation. This
paper provides a comparison between the two approaches using the 2005 com-
parative evaluation of solvers for quantified Boolean formulas as a case study.

1 Introduction

The automated reasoning research community has grown accustomed to competitive
events where a pool of systems is run on a pool of problem instances with the purpose
of ranking the systems according to their performances. A non-exhaustive list of such
events includes the CADE ATP System Competition (CASC) [1], the SAT Competi-
tion [2], the International Planning Competition (see, e.g., [3]), and the CP Competition
(see, e.g., [4]). The main purpose of such events is to designate a winner. Even if the re-
sults of competitions may provide less insight than controlled experiments in the spirit
of [5], there is a general agreement that they raise interest in the community and play a
fundamental role in the advancement of the state of the art.

In this paper we consider two approaches that can be used to summarize the re-
sults of a competition: empirical scoring and statistical testing. Empirical scoring is the
most common ranking method, whereby a tournament-like procedure is used to assign
bonuses and penalties to each system according to various performance indicators. The
main advantages of such procedures are their simplicity and their wide applicability,
but they offer no direct way of assessing the quality of the rankings provided. Statistical
testing, on the other hand, is less commonly used (see, e.g., [3]), usually more com-
plicated, and less widely applicable than empirical scoring. However, statistical testing
provides direct means of assessing the result quality, since the null hypothesis of equal
performances is tested against the alternative hypothesis of significant difference in
performances using a precise mathematical formulation that allows an estimate of the
results within some stated confidence level.

Our analysis considers seven scoring methods (references can be found in [6]): three
previously used in systems competitions, i.e., CASC, the SAT competition, and the
evaluation of solvers for quantified Boolean formulas (QBFs); three adapted from the
eponymous voting systems, i.e., Borda count, range voting and Schulze’s method; and,
finally, YASM (“Yet Another Scoring Method”), introduced in [7] and improved in [6].



Using the data of the 2005 comparative evaluation of QBF solvers (QBFEVAL’05 [8])
as a case study, we summarize the results presented in [6] to show how YASM provides
the best compromise among the scoring methods considered over a set of measures
that quantify desirable properties of the methods. Then, we compare YASM ranking
with the results obtained using two statistical tests inspired by the approach of [3],
namely the Wilcoxon signed rank test (see, e.g., Ch. 12a of [9]) and the Wilcoxon
rank sum test (also known as Mann-Whitney test; see, e.g., Ch.11a of [9]). Our goal is
to assess whether the ranking obtained with an empirical scoring method like YASM is
compatible with the results obtained by statistical testing, and whether statistical testing
can help us to improve the scientific significance of competitions.

The paper is structured as follows. In Section 2 we introduce the case study of
QBFEVAL’05 [8], we outline the working hypotheses underlying our analysis, and we
give some details about the above mentioned empirical scoring methods. In Section 3
we survey the results presented in [6] to confirm the effectiveness of YASM, and in
Section 4 we put QBFEVAL’05 data under the lenses of statistical testing. We conclude
the paper in Section 5.

2 Preliminaries

The results of QBFEVAL’05 can be listed in a table RUNS comprised of four attributes:
SOLVER, INSTANCE, RESULT, and CPUTIME. The attributes SOLVER and INSTANCE
report which solver is run on which instance. RESULT is a four-valued attribute: SAT
(resp. UNSAT), i.e., the instance was found satisfiable (resp. unsatisfiable) by the solver,
TIME, i.e., the solver exceeded the time limit (900 seconds), and FAIL, i.e., the solver
aborted for some reason beyond our control. Finally, CPUTIME reports the CPU time
spent by the solver on the given instance (see [8] for more details).

The analysis herewith presented rests on the assumption that a table identical to
RUNS is the only input required by a scoring method. As a consequence, we do not
take into account (i) memory consumption, (ii) correctness of the solution, and (iii)
“quality” of the solution. The only measures of merit at our disposal are the number of
problems solved and the CPU time of the solvers. Notice that the number of problems
solved is correct as long as the CPU time measure used to enforce the time limit is
so. Therefore, to ensure accuracy of the empirical scoring methods it is very important
to tame potential sources of errors in the CPU time measures. A detailed analysis of
such errors, and a possible solution to deal with them, have been presented in [6]. Here
we observe that statistical testing naturally obviates to this issue, since the samples are
already assumed to be noisy observations of the true (unknown) values.

We conclude our preliminaries by briefly describing the empirical scoring methods
used in our analysis (references and further details provided in [6]). For the sake of com-
parison, Table 1 shows the total scores earned by QBFEVAL’05 participants according
to the methods considered.

CASC Solvers are ranked according to the number of times that RESULT is either SAT
or UNSAT. In case of a tie, solvers faring the lowest CPUTIME averaged over the
problems solved are preferred.

QBF evaluation QBFEVAL scoring method is the same as CASC, except that ties are
broken using CPUTIME summed over the problems solved.



CASC/QBF SAT YASM Borda range voting Schulze
OPENQBF 201 62621.96 482.92 436 1682 421

QBFBDD 106 39250.40 363.74 338 3236 273
QMRES 227 173068.18 1505.03 1085 12050 1007

QUANTOR 318 228854.86 2701.35 2019 32393 1824
SEMPROP 289 148690.91 1787.92 1569 18317 1372
SSOLVE 243 110121.36 1415.36 1286 16038 1135

WALKQSAT 189 87535.25 1090.98 962 11010 791
YQUAFFLE 250 110257.07 1351.92 1200 11864 1023

Table 1. Scores of the solvers (listed in alphabetical order) according to the methods considered.

SAT competition The last SAT competition uses a purse-based method, i.e., the score
of a solver is obtained by adding up three purses: the solution purse is divided
equally among all solvers that solve a problem; the speed purse is divided unequally
among all the competitors that solve a problem according to their relative speed;
finally, the series purse is divided equally among all the solvers that solve at least
one problem in a family of related instances (series).

Borda count Given n solvers, each voter (instance) ranks the candidates (solvers) in
ascending order considering the value of the CPUTIME field. Let ps,i be the position
of a solver s in the ranking associated with instance i (1 ≤ ps,i ≤ n). The score of
s is Ss,i = n− ps,i. In case of time limit attainment and failure, Ss,i = 0. The total
score Ss of a solver s is the sum of all the scores Ss,i.

Range voting Similar to Borda count, whereas an arbitrary scale is used to associate
a weight wp with each of the n positions and the score Ss,i is computed as Ss,i =
wp · ps,i (default to 0 in case of time limit attainment or failure).

Schulze’s method A n×n square matrix M is computed, where the entries Ms,t with
s 6= t account for the number of times that solver s is faster than t on some instance,
while Ms,t = 0 if s = t. No points are awarded in case of ties, time limit attainment
and failure. The score Ss according to which a solver s is ranked is computed as
Ss =

∑
t Ms,t.

YASM This method (named YASMv2 in [6]) is influenced by three factors, namely (i)
a Borda-like positional weight (ii) the relative hardness of the instances, and (iii)
the relative speed of the solver with respect to the fastest solver on the instance.

3 Assessment of Empirical Scoring

In this section we summarize the results obtained considering the above mentioned
scoring methods and the following effectiveness measures.

Homogeneity The rationale behind this measure (introduced in [7]) is to verify that, on
a given test set, the scoring methods considered (i) do not produce exactly the same
solver rankings, but, at the same time, (ii) do not yield antithetic solver rankings.
We compute homogeneity with the Kendall rank correlation coefficient τ and, con-
sidering QBFEVAL’05 data, only two pairs of methods (QBF-CASC and Schulze-
Borda) show perfect agreement (τ = 1), while all the other pairs agree to some
extent, but still produce different rankings (see [6] for the homogeneity table).

Fidelity We proposed fidelity in [6] to check whether the scoring methods introduce
any distortion with respect to the true merits of the solvers. Of course, we have



no way to know such merits. Thus we measure fidelity by feeding each scoring
method with “white noise”, i.e., a table RUNS filled with random results so we
know in advance that the (synthesized) merit of the competitors is approximately
the same, and we can measure distortions with respect to this pattern. In [6] we
consider the percent ratio F between the lowest score and the highest one: a higher
value of F implies higher fidelity. In [6] we show that YASM, yielding the highest
value of F among all the scoring methods, is the method with the highest fidelity.

RDT-, DTL-, and SBT-stability Stability on a randomized decreasing test set (RDT-
stability), and stability on a decreasing time limit (DTL-stability) have been intro-
duced in [7] to measure how much a scoring method is sensitive to perturbations
that diminish the size of the original test set, and how much a scoring method is
sensitive to perturbations that diminish the maximum amount of CPU time granted
to the solvers, respectively. However, both [7] and [6] conclude that these two mea-
sures do not help to discriminate among the scoring methods. Stability on a solver
biased test set (SBT-stability, introduced in [7]) measures how much a scoring
method is sensitive to a test set that is biased in favor of a solver. A high SBT-
stability coupled with a high fidelity is a good indicator that the method is able to
detect the absolute merit of the solvers. YASM performance in terms of SBT sta-
bility lies in between CASC/QBF and SAT, on one side, and voting systems, on
the other side. In [6] we report that YASM turns out to be, on average, better than
CASC/QBF and SAT, while it is worse, on average, than the methods based on vot-
ing systems. However, YASM offers the best compromise between SBT-stability
and fidelity.

SOTA-relevance This measure has been introduced in [7] and modified in [6] to cap-
ture the relationship between the ranking obtained with a scoring method and the
strength of a solver, as witnessed by its contribution to the SOTA solver, i.e., the
ideal solver that always fares the best time among all the participants. The results
presented in [6], show that CASC/QBF methods turn out to have the highest SOTA-
relevance (τ = 1), while YASM is only third best with τ = 0.79.

4 Statistical Testing vs. Empirical Scoring

As anticipated in Section 1, we have no direct means of assessing the significance of
the results obtained by an empirical scoring method like YASM. Indeed, even if we
can do this indirectly using the measures presented in the previous Section, there is no
guarantee that the results obtained will apply to a different set of solvers and/or problem
instances. On the other hand, if we rephrase the problem in terms of statistical hypothe-
sis testing, then we can check for statistically significant differences in the performances
of the solvers and validate our conclusions within some stated confidence level. Let us
start by introducing a null hypothesis and an alternative hypotheses that are appropriate
in our context. Given any two solvers A and B we can state the:

null hypothesis (H0), i.e., there are no significant differences in the performances of
A with respect to the performances of B; and the

alternative hypothesis (H1), i.e., there are significant differences in the performances
of A with respect to the performance of B.

In the following, let XA and XB be the vectors of run-time values associated to solver
A and solver B, respectively. Before applying statistical methods to QBFEVAL’05 data,



we must decide (i) how to consider missing values, i.e., TIMEOUT and FAIL values, and
(ii) which assumptions, if any, can be made about the run-time distributions. The above
issues have an impact over the specific method that we can apply to test H0, because
some methods cannot deal with missing values in XA and XB seamlessly, and most
methods require binding assumptions about the underlying distribution of XA and XB .

Considering QBFEVAL’05 data, after removing the instances where all the solvers
either fail or reach the time limit, there are two possible models to deal with the re-
maining missing values: failure-as-time-limit (FAT) model, and time-limit-as-failure
(TAF) model. In the FAT model, each time that a solver fails or exceeds the time limit,
we default its run time to the time limit. This model (used, e.g., in [10]) consistently
overestimates the performances of the solvers, but allows the paired comparison of the
values in XA and in XB . In the TAF model, each time a solver fails or exceeds the time
limit, we simply disregard the data point. In this way overestimation does not occur,
but since the vectors XA and XB may not be equal in length, the paired comparison of
run-times is not generally possible.

Given FAT and TAF data models, we may ask whether an underlying normal distri-
bution of run-times can be assumed. If so, well-known classical techniques like paired
t-tests or Analysis of Variance (ANOVA) [11] could be used to test for H0. Thus, for
each solver A, we check XA under FAT and TAF models using the Shapiro-Wilk [11]
test of the null hypothesis that the XA’s are obtained from a normally distributed pop-
ulation. All such tests yield p-values in the order of 10−27 for the FAT model, and of
10−24 for the TAF model, indicating that it is highly unlikely that the run-time distri-
bution of some solver is anywhere close to normal.1 Because of this, we must resort
to non-parametric tests. Inspired by [3], we consider the Wilcoxon signed rank (WSR)
test, a non-parametric alternative to the classical paired t-test, whereby the null hypoth-
esis states that XA and XB do not differ in a significant way (see, e.g., Ch. 12a of [9]).
The WSR test is applicable as long as:

1. the paired values of XA and XB are randomly and independently drawn;
2. the dependent variable (i.e., the run-time) is intrinsically continuous; and
3. it makes sense to compare the values in XA and XB .

Both FAT and TAF models fulfill the above conditions, but considering the mechanics
of the WSR test, we see that it requires the vector XA−XB to be computed. Therefore,
it can be applied only in the context of the FAT model. In order to cope with the TAF
model, we consider the Wilcoxon rank sum test, also known as Mann-Whitney test (see,
e.g., Ch. 12a of [9]). Such test, that we call hereafter Mann-Whitney-Wilcoxon (MWW)
test, is a non-parametric test of difference between XA and XB , it is applicable as long
as conditions 2 and 3 above hold, and it requires that the values of XA and XB are inde-
pendently drawn. Finally, MWW test mechanics can accommodate for unequal lengths
of XA and XB . In the following, all the data and the results extrapolated from the WSR
and MWW tests are implicitly referred to the FAT and TAF models, respectively.

The results of the pairwise WSR and MWW tests on QBFEVAL’05 data are shown
in Table 2. In the Table, for each pair of solvers A (row) and B (column) we report
the p-value adjusted for multiple comparisons of the pairwise WSR tests and pairwise

1 We performed all the statistical computations described in this Section using R [12]. Our
data tables and R macros are downloadable from http://www.star.dist.unige.it/
~tac/Publications/2006_EMAA.tar.gz.



OPENQBF QBFBDD QMRES QUANTOR SEMPROP SSOLVE WALKQSAT
WSR MWW WSR MWW WSR MWW WSR MWW WSR MWW WSR MWW WSR MWW

QBFBDD <0.001 <0.001 – – – – – – – – – – – –
QMRES 0.003 <0.001 <0.001 1.000 – – – – – – – – – –
QUANTOR <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 – – – – – – – –
SEMPROP <0.001 <0.001 <0.001 0.982 <0.001 0.020 <0.001 0.003 – – – – – –
SSOLVE <0.001 <0.001 <0.001 0.982 0.059 0.024 <0.001 0.002 0.031 1.000 – – – –
WALKQSAT <0.001 <0.001 <0.001 0.161 0.521 <0.001 <0.001 0.566 <0.001 0.982 <0.001 0.982 – –
YQUAFFLE <0.001 <0.001 <0.001 1.000 0.018 0.057 <0.001 <0.001 <0.001 1.000 0.521 1.000 <0.001 0.646

Table 2. p-values of Wilcoxon signed rank (WSR) and Mann-Whitney-Wilcoxon (MWW) tests.

MWW tests. Before analyzing the results of Table 2 it is worth mentioning that adjust-
ment of the p-values is necessary, because performing multiple comparisons raises the
risk of obtaining positive results just by the effect of chance (a fact that follows from
Bonferroni inequalities [13]). We applied Holm’s adjustment method that, according
to [12], is more effective than the well known Bonferroni’s method [13]. Both methods
give strong control on the family wise error rate, i.e., the probability that the number of
overall false rejections (false positives) is greater or equal to one. In [3] the authors use
a different correction, i.e., they compute the overall α0 using α0 = 1 − (1 − α)(1/n),
where α is the confidence level of each test and n is the number of tests performed.
However, in [13], the latter kind of correction is said to be less generally valid than
Bonferroni’s (and thus also Holm’s) method. With this proviso, since we wish to ex-
trapolate a partial order of the solvers in terms of their relative speed performances at a
99% confidence level, we reject H0 only when the p-value shown in Table 2 is less than
0.01. By looking at Table 2 we can see that the WSR test finds most pairwise compar-
isons significant at an overall 99% confidence level. On the other hand, the MWW test
yields more conservative results, i.e., 9 comparisons that are significant for the WSR
test fail to be so for the MWW test, and only 1 comparison that is not significant for the
WSR test is indeed significant for the MWW test. In Table 2, we highlight in boldface
the cases in which the two tests are found disagreeing about the significance of the dif-
ference in terms of performances. Notice that WSR and MWW tests are more sensitive
to a consistent, albeit small, difference in performances rather than occasional, albeit
large, differences.

In Figure 1, we represent two partial orders of the solvers in terms of their perfor-
mances derived from QBFEVAL’05 data and the results of Table 2. The partial order on
the left of Figure 1 is based on the results of the WSR test, while the one on the right is
based on the results of the MWW test. Both partial orders are obtained by drawing an
edge from A to B whenever there is a significant difference in performances between
A and B, while the direction of the edge is obtained considering the pairs (xA, xB)
such that xA ∈ XA and xB ∈ XB and computing the ratio R(A,B) between (i) the
number of pairs such that xA < xB and (ii) the number of pairs such that xB > xA

(ties are thus excluded): if R(A,B) > 1, then A is faster than B. In Figure 1 we label
each directed edge from A to B with the value of R(A,B) and we omit the links that
can be extrapolated by transitive closure. The calculation of R is inspired by the WSR
test mechanics and, as such, it is meant to reflect consistent differences in performances
rather than occasional large gaps. Looking at Figure 1 we can see that the partial order
induced by the results of the WSR test is compatible with the one induced by the results
of the MWW test, although the latter is less constrained than the former.



Fig. 1. Partial order of the solvers in terms of their relative speed performances extrapolated from
the results of Wilcoxon signed rank (left) and Mann-Whiteny-Wilcoxon (right) tests.

We can now compare the snapshots of QBFEVAL’05 data offered by YASM and
the other empirical scoring methods (Table 1) with the ones offered by statistical test-
ing (Figure 1). The first observation is that all the rankings produced by the scoring
methods are compatible with the partial orders of Figure 1 with the only exception of
SAT, which ranks QMRES above SEMPROP, while there is a consistent and significant
difference in performances detected by the WSR test that, together with the value of
R(SEMPROP, QMRES), prompts us otherwise. However, notice that according to the
MWW test, such difference is not significant at the 99% confidence level. The second
observation is that, looking at Figure 1 we can see that QMRES, SSOLVE and YQUAF-
FLE are found essentially “incomparable” by the WSR test, and, indeed, the ranking of
such solvers is essentially the only part where the scoring methods differ. In particu-
lar, if we consider the relative performance index offered by R(SEMPROP, B), where
B is one of QMRES, SSOLVEand YQUAFFLE, we can see that only Borda count and
Schulze’s method rank the three solvers according to the reverse order of the corre-
sponding edge labels. On the other hand, according to the MWW test (Figure 1, right),
also SEMPROP is incomparable to the above three solvers, but SEMPROP always ranks
second best according to all the scoring methods (with the above mentioned excep-
tion of SAT). Finally, let us consider the total orders extracted by the partial ones of
Figure 1 by proceeding top-down and breaking the ties considering the edge labels in
reverse order. If we compare the rankings thereby obtained with those resulting from
Table 1 using the Kendall coefficient, then we can observe the following. Comparing
WSR- and MWW-based rankings yields τ = 0.93, an almost perfect agreement tainted
only by the different classification of SEMPROP and SSOLVE. Considering the empirical
scoring methods, it turns out that WSR-based ranking yields τ = 1 in the case of Borda
count and Schulze’s method, and τ 6= 1 in all the other cases, with YASM being the
closest (together with range voting) at τ = 0.86. In the case of MWW-based ranking,
τ 6= 1 for all the empirical scoring methods considered: YASM, with τ = 0.79 is closer



than both SAT (τ = 0.64) and CASC/QBF (τ = 0.76), but range voting (τ = 0.79),
Schulze’s method and Borda count (both at τ = 0.93) are even closer.

5 Conclusions

Summing up, the analysis presented in this paper confirmed that empirical scoring
methods can rival with statistical testing, insofar they are able to detect differences
in the performances of the solvers that revealed to be almost always statistically signifi-
cant under stringent conditions. However, statistical methods are far from being useless,
since they can provide an essential complement to any tournament-like scoring method
given their capacity to support with probabilistic arguments the confidence we have in
the competition results.
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